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Quantum heat engine with continuum working medium
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Department of Physics, Dalian University of Technology, Dalian 116024, China
(Dated: July 10, 2018)
We introduce a new quantum heat engine, in which the working medium is a quantum system
with a discrete level and a continuum. Net work done by this engine is calculated and discussed. The
results show that this quantum heat engine behaves like the two-level quantum heat engine in both
the high-temperature and the low-temperature limits, but it operates differently in temperatures
between them. The efficiency of this quantum heat engine is also presented and discussed.
PACS numbers: 05.70.-a, 07.20.Mc
A classical heat engine converts heat energy into me-
chanical work by using a classical-mechanical system in
which a working medium(for example, a gas) expands
and pushes a piston in a cylinder. Working between a
high-temperature reservoir and a low-temperature reser-
voir, the classical heat engine achieves maximum effi-
ciency when it is reversible, while the efficiency is zero
if the two reservoirs have the same temperature. The sit-
uation changes for its quantum counterpart, where the
working medium and the dynamics that govern the cy-
cle are quantum. It was shown that the quantum heat
engine can better the work extraction and improve the
engine efficiency[1, 2, 3, 4, 5].
The quantum heat engine concept was introduced by
Scovil and Schultz-Dubois [6] and extended in many later
works[1, 2, 3, 4, 5, 7, 8]. Quantum heat engines are char-
acterized by three attributes: the working medium, the
cycle of operation, and the dynamics that govern the cy-
cle. In the previous works, the working medium is con-
sidered as an ensemble of many non-interacting discrete
level systems. Specifically, the analysis is carried out on
two-level systems[2, 13], three-level systems[4], as well as
an ensemble of harmonic oscillators[2, 14, 15]. These give
rise to the following questions, with continuum working
medium what is the work extraction of quantum heat en-
gine? Can such a quantum heat engine improve the work
extraction?
In this paper we will answer these questions by exam-
ining an quantum heat engine working between two reser-
voirs with different temperatures. The working medium
is envisioned as a quantum system with a discrete level
|d〉 and a continuum |c〉 as shown in figure 1. Non-
interacting Ba atoms, for example, may serve as the
quantum system[16], in which the bound coherent Ry-
dberg state 6s(n + 2)d might be taken as the discrete
level. The heat-engine cycle consists of four branches la-
belled by 1,2,3 and 4, this was schematically illustrated
in figure 2. This four-stroke quantum heat engine is a
quantum analogue of the classical Otto engine, which in-
cludes two quantum adiabatic processes (2 and 4) and
two isothermal processes (1 and 3).
Denoting px0 , x = h, l the occupation probability of the
discrete level and p(E) the occupation probability of the
continuum, we can write the expectation value of the
FIG. 1: An illustration of the level structure of the work-
ing medium. The occupation probability px0 , x = l, h of the
discrete level |d〉 (with eigenenergy Ex0 ) was kept fixed in adi-
abatic processes. The continuum broadening was denoted by
Exmax − E
x
min .
measured energy of a quantum system U as,
U = 〈E〉 =
∑
i
piEi +
∫
d[p(E) ·E]. (1)
The definition of infinitesimal work done in a process is
then
d¯W =
∑
i
pidEi +
Emax∑
Emin
p(E)dE, (2)
which is a straightforward extension of that for discrete
level systems[13] to the system under our consideration.
The first term comes from the contribution of discrete
levels, while the last term comes from the continuum.
By the first law of thermodynamics dU = d¯Q + d¯W , the
infinitesimal heat absorbed is
d¯Q =
∑
i
Eidpi +
Emax∑
Emin
Edp(E). (3)
With these notations, we now calculate the work done on
the four branches of the heat engine.
In the branch 1, namely, from A to B, the working
medium is coupled to a hot reservoir of temperature Th
and its energy structure is kept fixed. In this isothermal
process, the population of the discrete level is changing
from the initial population pl0 to the population p
h
0 . Ac-
cordingly, the total population of the continuum is chang-
ing from 1− pl0 to 1− p
h
0 . The work done in this branch
2FIG. 2: Schematic illustration of the four-stroke quantum
heat engine. From state A to B, the working medium absorbs
heat from the high-temperature reservoir, leading to popu-
lation transfer from the discrete level |d〉 to the continuum.
From state B to C, works are done with the working medium
undergoing an adiabatic process. The Branches 3 and 4(cor-
responding changes from C to D, and from D to A, respec-
tively.) are reversed processes of 1 and 2, respectively. We
will use (Ex0 , E
x
min, E
x
max) to characterize the level structure
of the working medium in the text.
clearly is zero by the definition Eq.(2). In the branch
2, B → C, the working medium is decoupled from the
hot reservoir, and the energy structure is varied from
(Eh0 , E
h
min, E
h
max) to (E
l
0, E
l
min, E
l
max). In this process,
the occupation probability ph0 is kept fixed. This is an
adiabatic process in the sense that the total occupation
probability of the working medium on the continuum re-
mains unchanged, but population transfer among states
in the continuum is allowed. Strictly speaking, the evo-
lution of the working medium in this branch is not adia-
batic. However, it may be seen as an adiabatic one pro-
vided the continuum is treated as an energy level. After
the working medium reaches thermodynamical equilib-
rium, the total occupation probabilities of the working
medium on the continuum satisfy (coming from equilib-
rium state B, C, D and A, respectively),
1− ph0 =
∫ Ehmax
Eh
min
ρh
Zhh
e−βhE
h
dEh,
1− ph0 =
∫ Elmax
El
min
ρl
Zhl
e−βhE
l
dEl
=
∫ Ehmax
Eh
min
ρh
Zhl
e
−βh(
ρh
ρl
(Eh−Ehmin)+E
l
min)dEh,
1− pl0 =
∫ Elmax
El
min
ρl
Zll
e−βlE
l
dEl
=
∫ Ehmax
Eh
min
ρh
Zll
e
−βl(
ρh
ρl
(Eh−Ehmin)+E
l
min)dEh,
1− pl0 =
∫ Ehmax
Eh
min
ρh
Zlh
e−βlE
h
dEh. (4)
Here ρh (ρl) denotes the degeneracy of the con-
tinuum with level structure (Eh0 , E
h
min, E
h
max)
((El0, E
l
min, E
l
max)), and it is assumed to be con-
stant. Ex, x = h, l stand for an eigenenergy in the
continuum with level structure (Ex0 , E
x
min, E
x
max).
Zhh, Zhl, Zll and Zlh are the partition function of the
working medium at equilibrium state B, C, D and
A, respectively. βh =
1
KTh
, βl =
1
KTl
, and K is the
Boltzmann constant. Throughout this paper, we focus
our attention on the following situation,
ρh(E
h
max − E
h
min) = ρl(E
l
max − E
l
min),
ρh(E
h − Ehmin) = ρl(E
l − Elmin). (5)
These relations mean that the adiabatic process does
not change the distribution of microstates. In other
words, the degeneracy of the continuum is supposed to be
changed homogeneously in adiabatic processes. In fact,
this relation was used in 3rd and 5th lines in Eq. (4).
Define,
Ehmin − E
h
0 = ∆
h, Ehmax − E
h
min = δ
h
Elmin − E
l
0 = ∆
l, Elmax − E
l
min = δ
l.
The energy change in the branch 2 reads,
∆U2 = p
h
0(E
h
0 − E
l
0) +
∫ Ehmax
Eh
min
ρh
Zhh
e−βhE
h
EhdEh −
∫ Elmax
El
min
ρl
Zhl
e−βhE
l
EldEl
= ph0(E
h
0 − E
l
0) + ρh
∫ Ehmax
Eh
min
1
Zhh
e−βhE
h
(Eh − (
ρh
ρl
(Eh − Ehmin) + E
l
min))dE
h
3+ ρh
∫ Ehmax
Eh
min
(
1
Zhh
e−βhE
h
−
1
Zhl
e
−βh(
ρh
ρl
(Eh−Ehmin)+E
l
min))(
ρh
ρl
(Eh − Ehmin) + E
l
min)dE
h. (6)
According to Eq.(2), the work done in this branch reads,
∆W2 = p
h
0 (E
h
0 − E
l
0) +
∫ Ehmax
Eh
min
ρh
Zhh
e−βhE
h
(Eh − (
ρh
ρl
(Eh − Ehmin) + E
l
min))dE
h
= ph0 (E
h
0 − E
l
0) + (1− p
h
0 )
ρhE
h
min − ρlE
l
min
ρl
+ (1 − ph0)(
ρl − ρh
ρl
(Ehmax +
δh
e−βhδh − 1
) +
ρl − ρh
βhρl
), (7)
which is exactly the second line in Eq.(6). The branch 3
is similar to the first. The working medium is now cou-
pled to a cold reservoir at temperature Tl and its energy
structure is kept fixed. The occupation probability backs
on this branch from ph0 to p
l
0. The branch 4 closes the cy-
cle and is similar to the branch 2. The working medium is
decoupled from the cold reservoir, and the level structure
is changed back to its original value (Eh0 , E
h
min, E
h
max).
Similar analysis shows that the work done in the branch
3 is zero, whereas the energy change and the work done
in the branch 4 are
−∆U4 = p
h
0(E
h
0 − E
l
0) +
∫ Ehmax
Eh
min
ρh
Zlh
e−βlE
h
EhdEh −
∫ Elmax
El
min
ρl
Zll
e−βlE
l
EldEl
= pl0(E
h
0 − E
l
0) + ρh
∫ Ehmax
Eh
min
(
1
Zlh
e−βlE
h
−
1
Zll
e
−βl(
ρh
ρl
(Eh−Ehmin)+E
l
min))EhdEh
+ ρh
∫ Ehmax
Eh
min
1
Zll
e
−βl(
ρh
ρl
(Eh−Ehmin)+E
l
min)(Eh − (
ρh
ρl
(Eh − Ehmin) + E
l
min))dE
h, (8)
−∆W4 = p
l
0(E
h
0 − E
l
0) + ρh
∫ Ehmax
Eh
min
1
Zll
e
−βl(
ρh
ρl
(Eh−Ehmin)+E
l
min)(Eh − (
ρh
ρl
(Eh − Ehmin) + E
l
min))dE
h
= pl0(E
h
0 − E
l
0) + (1− p
l
0)
ρhE
h
min − ρlE
l
min
ρl
+ (1− pl0)(
ρl − ρh
ρl
(Ehmax +
δh
e
−βl
ρh
ρl
δh
− 1
) +
ρl − ρh
βlρh
). (9)
The net work done in the whole cycle is then
∆W = ∆W2 +∆W4 = (p
h
0 − p
l
0)(E
h
0 − E
l
0) + (p
l
0 − p
h
0)
ρhE
h
min − ρlE
l
min
ρl
+ (pl0 − p
h
0)
ρl − ρh
ρl
Ehmax
+
ρl − ρh
ρl
δh(
1− ph0
e−βhδh − 1
−
1− pl0
e
−βl
ρh
ρl
δh
− 1
) + (ρl − ρh)(
1− ph0
βhρl
−
1− pl0
βlρh
). (10)
Noticing
ρl
ρh
=
δh
δl
, (11)
one can reduce the net work ∆W to
∆W = (pl0 − p
h
0 )((∆
h + δh)− (∆l + δl))
+ (δh − δl) · f(px0 , Tx, δ
x)|x=l,h.
(12)
Here
f(px0 , Tx, δ
x)|x=l,h =
1− ph0
e
−
δh
KTh − 1
−
1− pl0
e
−
δl
KTl − 1
+
1− ph0
δh
KTh
−
1− pl0
δl
KTl
. (13)
This is the central result of this paper, showing that the
net work done by the heat engine depends on the occupa-
4tion probabilities ph0 and p
l
0, the continuum broadenings
δh and δl, the energy gaps ∆h and ∆l as well as the
low and high temperature of the reservoir. To get more
insight in this result, we consider the following limiting
situations. (a) The continuum broadening remains un-
changed in the cycle, namely, δh = δl. The net work in
this case reads,
∆Wδ = (p
l
0 − p
h
0)(∆
h −∆l). (14)
This backs to the net work done by the quantum heat
engine with two-level systems as its working medium.
(b)High temperature limit, δ
h
KTh
≪ 1, δ
l
KTl
≪ 1. The net
work done in this situation follows
∆WT = (p
l
0 − p
h
0 )((∆
h + δh)− (∆l + δl)). (15)
Interestingly, the net work in this case takes the same
form as in Eq.(14), but the energy difference of the two-
level working medium is (∆h + δh) at high temperature
and (∆l + δl) at low temperature. The same results are
found in low temperature limit. (c) No population trans-
fer between the discrete level and the continuum in the
cycle, i.e., ph0 = p
l
0 = p. The net work ∆W in this case
follows from Eq.(12),
∆Wp = (δ
h − δl)(1− p) · f(px0 = 0, Tx, δ
x)|x=l,h. (16)
As shown, ∆Wp totally comes from the contribution of
the continuum. It is zero if δh = δl, and it increases lin-
early with p decreases. ∆Wp > 0 requires that Th >
δh
δl
Tl
and δh > δl. This is similar to the requirement upon the
two-level quantum heat engine[1, 17] for positive work
extraction. In order to compare our heat engine with the
two-level one, we plot a work difference (∆W−∆Wδ) ver-
sus δh and δl in figure 3. Note that this work difference
is different from ∆Wp, where p
l
0 = p
h
0 = p is considered.
As we mentioned above, the contribution from the con-
tinuum was excluded in ∆Wδ. So, (∆W −∆Wδ) mostly
characterize the effect of the continuum on the work ex-
traction in the quantum heat engine. From the other
aspect, this work difference can be understood as the net
work with the energy gap unchanged in the cycle, i.e.,
∆l = ∆h. Figure 3 shows that the work difference de-
creases with δl increases for small δh, but the result goes
in the opposite direction for large δh. We also find from
figure 3 that (∆W −∆Wδ) > 0 in the region δ
l ≃ δh and
around.
Now, we turn to study the efficiency of this quantum
heat engine. It is defined as the ratio of the work done
to the heat absorbed in the cycle,
η =
∆W
∆Q
. (17)
By the first law of thermodynamics, we have
η = 1−
∆Q2 +∆Q3
∆Q1 +∆Q4
, (18)
0
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FIG. 3: The work difference (∆W −∆Wδ) as a function of δ
h
and δl. The parameters chosen are pl0 = 0.5, p
h
0 = 0.3, and
KTh = 5. The work difference, δ
x, (x = l, h) and KTh were
rescaled in units of KTl = 1 in this plot.
where ∆Qi(i = 1, 2, 3, 4) denote the heat exchange be-
tween the working medium and reservoirs on the branch
i. By the same procedure presented above, one obtains
∆Q1 +∆Q4 = (p
l
0 − p
h
0 )(∆
h + δh)
+ δh · f(px0 , Tx, δ
x)|x=l,h,
∆Q2 +∆Q3 = (p
l
0 − p
h
0 )(∆
l + δl)
+ δl · f(px0 , Tx, δ
x)|x=l,h. (19)
Then the efficiency of the quantum heat engine reads,
η = 1−
(pl0 − p
h
0 )(∆
l + δl) + δl · f(px0 , Tx, δ
x)|x=l,h
(pl0 − p
h
0 )(∆
h + δh) + δh · f(px0 , Tx, δ
x)|x=l,h
.
(20)
In the high-temperature limit δ
h
KTh
≪ 1, δ
l
KTl
≪ 1, η re-
duces to
η = 1−
∆l + δl
∆h + δh
, (21)
returning back to the efficiency of the two-level quan-
tum heat engine. This observation holds in the low-
temperature, as the net work does. Similarly, for pl0 = p
h
0 ,
the efficiency becomes η = 1 − δl/δh. Note that in the
limit δl = δh, the net work ∆W returns back to the result
of the two-level quantum heat engine, but the efficiency
does not. This is due to the difference in heat exchange
of the two engines.
In conclusion, a new quantum heat engine has been in-
troduced in this paper. As its working medium, the quan-
tum system has a discrete level and a continuum. This
makes the engine different from the two-level quantum
heat engine. The quantum heat engine consists of two
adiabatic processes and two isothermal processes. It can
extract work like a two-level quantum heat engine in the
high-temperature and low-temperature limits, whereas it
works in a different way at temperatures between the two.
5Since the previous studies on quantum heat engine were
focused on various working mediums only with discrete
energy levels, the study presented here can better the
understanding of quantum heat engine, and might pro-
vides us a new way to study the unsolved problems of
emergence of classicality.
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